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Abstract 

We demonstrate that the Bailey pair formulation of Rogers- Ramanujan identities uni- 
fies the calculations of the characters of = 1 and N = 2 supersymmetric conformal 
field theories with the counterpart theory with no supersymmetry. We illustrate this con- 
struction for the M(3,4) (Ising) model where the Bailey pairs have been given by Slater. 
We then present the general unitary case. We demonstrate that the model M{p,p + 1) is 
derived from M{p — l,p) by a Bailey renormalization flow and conclude by obtaining the 
= 1 model SM(p,p+2) and the unitary N = 2 model with central charge c = 3(l — 2/p). 



1. Introduction 

In the past several years it has been observed that string theories of two 

dimensional quantum gravity have a strong connection with N = 2 superconformal models. 
This observation was flrst made in [|l| and is forcefully presented in @ where it is stated 
"The underlying N = 2 superconformal symmetry is quite generic and is present in every 
string theory." 

It has also been realized since the work of Andrews, Baxter, and Forrester |^ and Date, 
Jimbo, Miwa and Okado [|5| that there is a thoroughgoing relationship between Rogers- 
Ramanujan identities and conformal field theory characters. Consequently the relation 
seen between N = 2 superconformal field theories and string theory should be expected 
to be present in the theory of Rogers-Ramanujan identities. It is the purpose of this 
paper to demonstrate that this is correct and that the characters of = 2 superconformal 
models may be obtained from the nonsupersymmetric models M(p,p') by means of the 
construction known as the Bailey pair. Indeed it is our contention that this relation 
between string theory and Bailey pairs is much more than an analogue and that the Bailey 
construction provides an exact reformulation of the string theory in terms of a completely 
fermionic description of the Fock spaces. 

The method of the Bailey pair was invented by Bailey in his proofs of many of 
the results of Rogers This method was extensively used by Slater has 



been extended by Andrews [|TT[, was extended to the Bailey lattice by Agarwal, Andrews 



and Bressoud [T^] , and generalized to higher rank groups by Milne and Lilly [^. Most 



recently this technique has been combined by Foda and Quano with the finite size 



results on M{p,p + 1) of |T^-[jT^ and M(2, 2k + 1) of |]T^ to provide proofs of various 



fermionic characters formulas conjectured in [18 . 
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By definition a pair of sequences {a^, /3n) is said to form a Bailey pair (for the group 
Ai relative to the parameter a) if 



a 

where we use the definition 



^ iQ)n-j{aq)n+j ^'^'^'^ 



n-l 

(a;g)n = n(i-«^') (1-2) 

1=0 

which, when there is no danger of confusion, we abbreviate as (a)^. The inverse of this 
relation is 

C^n = i , (1-3) 

The lemma of Bailey states that whenever (a^, is a Bailey pair related 

by then 

{pi)n{p2)n{aq/piP2)N-n{aq/PlP2TPn 

^ {q)N-n{aq/pi)N{aq/p2)N 

{Pl)n{p2)n{aq/ Plp2Tan\ 1 



=5: 



n=0 ^ («9/Pl)n(a?/P2)n J {q) N -n{aq) N +n 



The proofs of these results are given in H and [11 



The lemma of Bailey is a result for rational functions. By taking the limit N ^ oo 
we obtain from ( |1.4| ) the theorem that if is a Bailey pair then 

V^/ \ f \ f / ^nn {aq/Pi)oo{aq/P2)oo {pi)n{p2)n{aq/pip2Tcx 

2.{Pl)n[P2)n[aq/ P1P2) Pn = ^ ^ 7 1 ^ > 7 1 1 ^ 



{aq)oo{aq/pip2)oo {aq/ pi)n{aq/ p2)n 

(1.5) 

This result has been extensively used by Slater ll]-]!^ to prove many of the identities first 
derived by Rogers 0-0] by making the following two specializations of the parameters 
Pi, P2\ 

1 : pi ^ oo, p2 ^ oo (1.6) 
2 : pi ^ oo, P2 = finite, (1-7) 



and from her extensive list of results one finds the remarkable result that the first 
specialization (|1.6|) leads to characters of minimal models M{p,p') and the second special- 
ization ( |1 . 7|) leads to characters of = 1 supersymmetric models SM{p,p'). 



There is, however, a third case not considered by Slater 



3 : Pi = finite, p2 = finite. 



(1.8) 



We show here that this leads to characters of the N = 2 supersymmetric models. 

It cannot, of course, be an accident that Bailey's construction, invented decades before 
conformal field theory was even thought about, gives characters of the = 0, 1 and 2 
supersymmetric conformal field theories in a unified manner. In fact there is a complete 
connection between the Bailey construction, the theory of affine Lie algebras and even two 
dimensional quantum gravity and this paper is meant to be the first of several in which 
we present these topics in detail. However, there are several technical complications which 
must be presented in some detail in order to deal with nonunitary models which tend to 
obscure the emergence of the N = 2 supersymmetry. Consequently in this first paper we 
will introduce the subject by restricting our attention to the unitary models M(p,p + 1) 
and their = 1 and N = 2 supersymmetric extensions. 

We begin in sec. 2 by reviewing the construction of Slater [0|-|T^ of the characters 
of M(3, 4) and SM{3, 5) and then demonstrate how the characters of the N = 2 unitary 
model with c = 1 are obtained by using the specialization ( p.. 8] ). In sec. 3 we present a 
second construction of Slater which gives M(3,4) under the specialization (|1.6|) but 
gives a special case of the N = 2 model under (|1 . 7| ) . We finally consider the general 
unitary model M{p,p + 1) in sec. 4 where we first obtain the Bailey pairs from the finite 
size polynomial computations of [^, [|16[, [|T^-[^ by use of the method of We 



obtain all the characters of M{p,p+ 1) from this construction and thus extend the results 



of []I4[ and |^^. The relation of this construction, which we call Bailey renormalization 
fiow, to the renormalization fiows of |^2| (and |^^) is first proposed in [^|. We then obtain 
from the Bailey pairs the = 1 models SM{p,p + 2) and the unitary N = 2 models with 
central charge c = 3(1 — 2/p). We conclude in sec. 5 with a few remarks on the more 



general case which will be presented more fully elsewhere [25 



2. The Ising model M(3, 4) and its = 1 and N = 2 extensions. 

The Ising model is the minimal model M(3,4). It has three independent characters 
which are obtained from the general bosonic formula for the characters of the M{p,p') 
model 

^ oo 
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Here p and p' are relatively prime, the central charge is 



c = 1-^Ap^ (2.2) 
pp' 

and the conformal dimensions are 

^^^.,,^ irp--sp?-^(p-pV (,^r<p-l,l<s<p'-l). (2.3) 

These characters also have a fermionic representation as q series due to the following 
identities proven in 1894 by Rogers M 



m=l,odd 



m=0,even 



°o „m(m-l)/2 °° „m(m-l)/2 

E E (2.5) 

m=0,even ^ ' m=l,odd 



Slater obtains the four identities (^]J) (|2.5| ) from the following four Bailey pairs 
(which following the notation of Rogers she calls A (5)- A (8)) where ao = 1 in all cases and 

A(5) g"V(9)2n -gSn^-n ^Sn^ -n ^ ^Sn^+n _g3n2+n ;l 

A(6) / {,Q^^2 qSn^ +n qSn^ —n ^Sn^ +n g3n^+5n+2 ^ 

2 2 2 2 2 

A(7) /(q)2 g3n — 4n+l ^Sn — 2n _j_ ^Sn +2n ^Sn +4n+l 

2 2 2 2 2 

A ('fi^ +n I ( r,'^\ „3n —2n „3n +2n „3n +4n+l „3n +2n „ 

^loj y / w )2n y y — y — y y 



When we put these four pairs into ( |1.5|) we find from A(5) and A(8) that for a = l,q 
(after a bit of algebra) 



oo 



Y^/ WW / a (ay/pi)oo(ay/p2)oo v;^ 

> (Pl)n(P2)n(ay/piP2) = . ^ . ^ ^ > 

^ ay 2n ay oo ag/piP2 oo ^ 



{Pl)3j{P2)3j{aq/piP2f^ (pi)3j + i(p2)3j + i(ay/piP2)^^ + ^ 



(ay/pi)3i(ay/p2)3i (ay/pi)3j+i(ay/p2)3i+i 



(2.6) 
where we define 

( ^ ^ 1 ^ 1 ^ (-y/a)-yi"(-^) 

^ (1 - ay-i)(l - aq-^) ... (1 - ag-) (ag-), (g/a)^ ' ^ ' ^ 
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Similarly we find from A(6) and A(7) that with a = l,q 

> {pi)n{p2)n{aq P1P2) -^—^ = . . . -, ^ — > a^q 

n= — oo \ \ J/ \ J/ I I / J — /2 c 

'(Pl)3j(P2)3jH/PlP2)^'^' (pi)3j-2(p2)3j-2(ag/piP2^^^"^' 



iaQ/Pi)3jiaq/p2)3j (a?/Pi)3j-2(a?/P2)3j-2 

These two identities hold for all values of pi and p2- By making suitable specializations of 
these parameters these formulas specialize to the characters of several different conformal 
field theory models. There are three distinct cases and we will treat them separately. 

2.1. The model M(3, 4) 

Slater |T^ obtains the Ising model identities ( PT^ ) from and ( PT^ ) by 

making the specialization ( p..6|) where, using 

lim = (2.9) 

p — >oo 



we find from (|2.6D 



y ^ i_ y / g.(i2.+i)^4, _ (3,+i)(4,+i)^4,+i \ ^2.10) 

Then, by setting a = 1 and a = g we obtain the identities of (|2.4|) for and 
Xi^s Hq)- These are (83) and (86) of [0. Similarly from (|2.8|) we find 

00 2n^—n 2n 1 °° / \ 

y \ / = _i_ y ( q12."-2%4, _ ^(3, + l)(4,+2)^4,+2 \ (2.II) 

^ (ag)2n (ag)oo V / 

and by setting a = 1 and a = q we find the two forms of the identity ( p.5| ) for Xi^2^'*(q'). 
These are (84) and (85) of fTg. 



2.2. The N = 1 supersymmetric model 5'M(3, 5) 

The second set of specializations made by Slater is 

Pi — > oo, P2 = —q^ and — q. (2-12) 

We will see that these give characters of the = 1 superconformal model SM{p,p') where 



N ^(nr)'^ , N f — q^^ ^")oo X — ^ / i(jPP' + ''p'-«P) Up-r)Up' -s) ^ 

xfc^ Hq) = xl'fri'-siQ) = (^^^ E ' - 5 ' ) (2.13) 



; oo 

j = -oo 



where 1 < r < p ~ 1, l<s<p' — l,p and {p' — p)/2 are relatively prime and 

^ if a is even (Neveu-Schwarz (NS) sector) 
1 if a is odd (Ramond (R) sector). 



Here the central charge is 



3 3(p — p') 



/\2 



pp' 



and the conformal dimensions are 

[rp' — spY — {p — p'Y 2er- 



8pp' 



+ 



In the first case where P2 = —Q'^ we consider 

oo 

E 
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with a = 1 and find 



(2.14) 



(2.15) 



(2.16) 



oo / In 3 2 1, 



n=0 



2n 



iq)c 



( g3'^(15n-2) _ ^i(3n-l)(5n-l) 



(2.17) 



which from ( |2.13| ) is the character Xi'i{q) of the model S'M(3, 5) and is eqn.(lOO) in 



Slater's list [|T^. Similarly from ( p.8| ) with a = 1 



n=0 



(q) 



2n 



i-q^)c 
{q)oo 



j = -oo 



b'(15j-4) _ „i(3j + l)(5j+3) 



^, _ g^v^. . ^n^. . , = ^3 5^g^ ^2.18) 



which is (95) on Slater's list. 

For the case where p2 = —q we find from (|2.6|) with a = q that 



n=0 



(9) 



+1 (9)oo ^^r'^V y 

(2.19) 



which is (63) in Slaters list while setting a = g in ( |2.8| ) we obtain 

= ( ^in(15n+l) _ ^i(3n+2)(5n+3) 



n=0 



■ (9)2^+1 {q)oc 



n= — oo 



- xti\<D = xfi\q) 

(2.20) 

which is (62) of Slater. 

These four identities may be put into the canonical quasi particle form [jl^ by using 
the elementary identity 



(x), 



{—xYq 



n 

E 

m=0 



n 
m 



(2.21) 



where the g— binomial coefficient is defined as 







for < J < n 
otherwise. 



Thus we find 



m=0 n=0 

Q 

m=0 n=0 



2n 



EE 



(9) 



2n 



n 
m 

n 
m 



XiAq), 



EE- 



m=0 n=0 



(9) 



2n+l 



and 



EE- 



m=0 n=0 



(9) 



2n+l 



n 
m 

n 
m 



(2.22) 

(2.23) 
(2.24) 
(2.25) 

(2.26) 



We have now succeeded in obtaining expressions for all four of the independent 
characters of 5*71^(3,5). However just as in the case of M(3,4) the symmetry condition 
Xr^f \q) = X^pl^rp'-si^) implies certain further nontrivial identities. One of these is found 
by setting a = 1 and p2 = —q in (|2.6| ) to find a second representation for xf'2\(l) in 
addition to of 



E(-9)^ 



3ti Tl_ 

q 2 2 



n=0 



2n 



Xtf{q) 



(2.27) 



and if we set a = 1, and p2 = —q in (|2.8| ) we obtain 

00 3ri(n—l) 



n=0 



2n 



(2.28) 



2. 3. The N = 2 unitary super symmetric model with c = 1 

We now consider the third specialization ( |1.8| ). This was not considered by Slater. We 
will show that this will lead to a unitary N = 2 supersymmetric model. For these models 
the central charge is c = 3(1 — 2/m) and there are three sectors called A for antiperiodic 
(Neveu-Schwarz) , P for periodic (Ramond) and T for twisted. In the A and P sectors the 
(normalized) characters are [^-|]33[] 



xiT'^^'-Hy.q) 



i-q'y) 



ooi-q^y ^)oo °° 



2 

00 



qmj +{r+s)j / -j^ 



qTuj+ry-l 



qmj+Sy 



(2.29) 



where: 

1) In the sector A r and s are half integers with 0<r, s,r + s<m — 1 and e = | and 
the conformal dimensions of the Virasoro operator Lq and the U{1) current Jq are 

h^^, = {rs-^)/m, q^^^ = {r-s)/m- (2.30) 

2) In the P sector r and s are integers with 0<r — r + s<m — 1 and e = 1 and 

/i^s = ^ + ^, (lr,s = {r - s)/m. (2.31) 
In the T sector the characters are 

^,(jV=2,T)(m)^^^^^ _ (-g^)oo(-g)oo /gmi2+i(^_2r) _^0•m-r)(J•-l)^ (^2.32) 
(9^)oo(?)oo jiT^oc^ ^ 

where 1 < r < m/2 and 

hT - - 2^)' + ^ f2 33) 

'''^ " 16m +24- ^^-^^^ 

In the A and P sectors these characters (with m = 3) are all obtained from the Bailey 

pairs A(5) and A(8) of Slater by specializing (|2.(j|) to the point 



aq/pip2 = 1. (2.34) 
To carry out this specialization rewrite ( |2.6D using 

{pi)-ij{p2hj{aq/ Pip2f^ _ (pi)3j+i(P2)3j+i(a9/PiP2)^^+^ 

{aQ/Pi)3j{aq/P2)3j {aq/Pi)3j+i{aq/P2)3j+i 
_ {pi)3j{p2)3j{aq/ Pip2)^^ A (1 - Piq^^){l - P2q^^){aq/ Pip2) \ 

{aq/pi)3j{aq/p2)3j \ {1 - aq^J+y p^){l - aq^^+y p^) J ^ ^ ' 

{pi)3j{p2)3j{aq/ Pip2f^ (1 - aq/pip2){l - aq^^+^) 



{aq/pi)3jiaq/p2)3j (1 - aq^^+^/pi){l - ag^j+i/p^) 

and set 

Pi = -y-'q\ P2 = -M^ a = Q'^+^-i (2.36) 

to obtain 



J2(-y~'^'U-yq% 

n=0 

oo 



^ (9''+^)2n 



(-2/ ^9")oc(-y?')oo 3,2+(r+.),Y^ y ^9^'+" m'^^'^' ^ 



(9'^+')oo(?)oo 

j = — oo 



(2.37) 
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The right hand side of this agrees with the character formula ( p.29 ) after multiplying by 
a suitable factor. Thus in the A sector we obtain the q series representations 



n=0 
oo 



^ J _ ^(^=2)(3) 

m / \ All 
[q)2n 2'2 



(2.38) 



In+l 



n=0 



^ _ (N=2),(3) 

^ \ ~ /VI 3 

[q)2n+l 2'2 



(2/, 9), 



and in the P sector we find the three characters 



n=0 
00 



2n+l 



JN=2)(3) 
Al,l 



(y.Q) 



\)n{-yq)n-i^-— 

n=0 ^^^2n 
00 ^- 

'^{-y~^q)n+i{-yq)n-i-7-. 



(2.39) 



n=0 



(9)2^+1 

For the T sector we specialize ( |2.6D using 
to find 



Y^{-(l^)n{-q)n-, 



n=0 



(9) 



2n 



(Ar=2,T)(3)/ ^ 



(2.40) 
(2.41) 



In a like fashion q series for linear combinations of chacters are obtained from the 
Bailey pairs A(6) and A(7) by specializing (1^). Thus for pi = —yq^ p2 = —y~^q^ and 
a = 1 we find in the A sector 

--n(n— 1) 



J2(-y-\hn{- 



-yq'- 



i^ q 



n=0 

and for pi = 



(q) 



2n 



x'rf'''Hy.q) + x'rf'''\y-\q). 



2 ' 2 



2 ' 2 



(2.42) 



-y q, p2 = —yq and a = q we find in the P sector 

„2 



n=0 



{q) 



^2.43) 



2n+l 



All of these fermionic series may be put in the canonical quasi-particle form [|T8[ by 
use of (|2.21|). Thus, for example we find from (pj.38|) that 



y 



mi— 1712 (n — mi)(n— mi) + ^ {n—m2 ) (n— m2 )+n'^ 



1 



(q) 



2n 



n 




n 


nil 




_m2_ 



(2.44) 



(iV=2)(3)/ N 

Xi 1 [y.q) 



which if we use n = ra-^jl is rewritten as 



m=0,m3 even 



^ y 









mi 







Xi 1 {y,q) 

2 ' 2 



^2.45) 



where Cd^ is the Cartan matrix of D^. This form of the N — 2 characters was first given 
in W 



3. Supersymmetry from the F pairs of Slater 

Slater 0, in fact, provides not one but two constructions of the characters of the Ising 
model. Her second construction is from the pairs she calls F and is quite different from 
the one presented above, not only in that the bosonic form of the M(3, 4) character is not 
of the Rocha-Caridi form but the specialization ( p. .71) which for the A pairs gave 

= 1 supersymmetry now gives N = 2. 

3.1. The Bailey pairs 

We will derive a set of Bailey pairs which are somewhat more general than Slater in 
that our form will be valid for all values of a wheras hers are valid only for a = and 1. 
In particular we start with her equation (2.1) and set e = a, 6 = , and use the identity 

^{x), (3.1) 



(xgJ) 
to find 



n=0 

and then use 
and 

to obtain 



(1 - ag^^)(g J)n(c)n(c/)n(a)n / ag^+^' \"_ {aq)j{aq/cd)j 
[1 - a){aq^+^)n{aq/c)n{aq/d)n{q)n\ cd J {aq/c)j{aq/d)j 



{aq)N+n = {aq)N{aq^^^)n (3.3) 



(xq-"")^ = (-l)-a;'^Q-'^^+i"("-i) AsMlL_ (3.4) 

{q/X)N-n 



Y (1 - aq^^){-l)^q-2^(-^+^^a^{c)Mn{a)n ^ {aq/cd), 
^ {I - a){aq)n+j{q)j-n{q)nC''{aq/c)nd'^{aq/d)r, {q)j{aq/c)j{aq/d)j' 
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There are many specializations of this result which will give Bailey pairs. For example 
if c, (i ^ oo we obtain Bailey pairs for the original Rogers-Ramanujan identities for the 
M(2, 5) model. 

We here consider first c = and (i — oo to find 

^ (l-ag^")g"'-^an«)n(g^)n ^ 1 ^3 
n=o (1 - a){aq)n+j{q)j-n{q)n{aq^)n {q)j{aq^)j 

and thus comparing with the definition of Bailey pair ( p..!] ) we find the Bailey pair 

(1 - aq^'^)q'^^~'^a'^{a)n{q^)n 



ar 



(3.7) 



(1 - a){q)niaq2)n 
{q)n{aq^)n 

We note in particular that Slater gives the special case F(l) of a = 1 where 
R - 1 _ / 1 forn = 



and F{2) of a — q where 



/5n = -^-V-^ a. = ,"^ + ti±^. (3.9) 

{Q^)n{q)n 



We now use the Bailey ( |3.7| ) pair in Bailey's lemma (|1.5|) and obtain 

{pl)n{P2)n{aq/piP2T 



n=0 



(9)n(aQ2)n 

{aq/pi)oo{aq/p2)oo ^ (pi)n(P2)n(a?/piP2)'^ (1 - ag2'')Q'^''"^a'^(a)n(?^), 



(ag)oo(a?/pi P2J00 „_n (a9/Pi)n(a?/p2)n (l-a)(g)^(ag5)^ 

(3.10) 

As in sec. 2 we will obtain characters of conformal field theory by considering different 
specializations of the parameters pi, and p2- 

3.2. The case pi and p2 00; the model M(3, 4) 

The first specialization to consider is pi, p2 — >^ cxd where we find from (|3.10|) that 



y g"'a" 1 y q'^-^a'^{l-aq'^)iaUqh)^ 

^o{q)n{aq^)n ^ {1 - a){q)niaq^)n 



11 



This result is particularly transparent when a = 1 where we find 

E7tW = 7^ E ^'"^^^ (3.12) 
from which if we finally send q ^ and use the identity 

(9^; q^)n{q; q^)u = (g)2n (3.13) 

we obtain 

oo 2n^ ^ oo ^ oo 

^(9)2n (g2;9')oo (9)oo(-g) 



n=0 



which is (39) of Slater ( |3.1| ). From the fermionic side of ( |2.4| ) we identify this as the 
character of the M(3, 4) model Xii\q) cLnd thus we have produced another bosonic form 
for the character which is different from that of Rocha-Caridi ( |2.1| ) in that the series has 
no minus signs. Similarly if a = g we find 

E -^-^ = 7^ E q'-'^i-^-^^ (3.15) 



and if we again set q ^ q^ and use 



/ 2 2\ / 3 2\ {q)2n+l 

n ?;g n = -; 3.16 

1-q 



we find 



2n(n+l) ^ oo ^ oo 

(q)2.+1 (g^;?^)^^^^ (^2.^2)^^^^^^ 



where the final expression is obtained from the previous sum by using n —n — 1 in the 
second term. This identity is (38) of Slater [l^] and on comparison of the fermionic side 
with ( |2.4|) is seen to be the character x^^sHq)- 

We have thus obtained new bosonic sum expressions for the characters x^ii^^iq) ^md 
X^i3^^(q) of the model M(3,4). It remains to find the bosonic forms for the character 
X^i,2\q)- This is done by returning to (|3.5D and setting c = q^ and d = to find 

(1 -ag^")g~^(g^)n(a)n ^ q~i 
^ (1 - a){aq)n+jiq)j-n{q)niaq^)n {q)j{aq^)j 

12 



Thus we find the Bailey pairs 



(1 — aq )q 2(02) (a)^ n 2 

ttn = ^ i , = — (3-19) 

(1 - a)(g)„(ag2)„ {q)n{aq2)^ 



and in particular note that for a = 1 we have 



n _ Q ^ _ / 1 forn = , . 

'^"'WhMiVn' "--y+ri forn>l (='•2°) 

which is F(3) of Slater and setting a = g we find 

(J 2 _ii 1 + ^''^a 

= , , , 3, , an = g 2 _^ ^ (3.21) 

{q)n{q^)n 1 + 

which is F(4) of Slater. Thus if we use this in Bailey's lemma with N ^ 00 we find 

{Pi)n{p2)n{aq^ /P1P2)'' 



n=0 



{q)n{aq^^)n 

{aq/ pi) ooiaq/ P2) 00 {pi)n{p2)n{aq/ P1P2Y {1 - aq'^'^)q~^ {q^)nia 



(3.22) 



E 



P2J00 (a9/pi)n(aQ/p2)n (l-a)(Q)n(aQ5), 

and then sending pi, p2 ^ cxd we find 



y q-'-^/'a- ^ _J_ ^ q^'-"^ a^jl - aq^-){aUqh)^ ^3) 
^o{q)n{aq^)n (a9)oo ^ (1 - a)(Q)n(ag^)^ 

Then if a = 1 and q ^ q'^ we use ( |3.1C1| ) to find 

°° ^n(2n-l) 1 00 

E = E (3-24) 

where from (|2.4| ) we identify the fermionic side as Xi^2(q)- Similarly if a = and q q^ 
we find 

°° „n(2n+l) 1 °o 



(?)2n+i 



(3.25) 



and we note that if in the second term of the bosonic sum we let n — > — n — 1 we regain 
the bosonic sum of (|3.24|) . This agrees with the equality of the characters Xi^2\q) 
X^2 \q) which is seen in ( p^) and also agrees with (9) of Slater [|10 . 
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3. 3. The case pi ^ oo and p2 finite ; N = 2 supersymmetry 

We next let pi ^ oo and p2 = —q^. Then for the Bailey pair (|3.7| ) we obtain from 



q 2 a^(-Q2)^ ^ (-ag^)oo q ^ ^ a^"(l - ag^^)(a)n(g2 )n(-9^ )n 
^0 iQ)niaq^)n («9)oo (1 - a){q)niaq^)ni-aq^)n 



Then if a = 1 and q ^ q'^ we find 



E q"^ {-q;q'^)n _ {-q; g^)oo ^3n^+n /n 07\ 



00 



n=0 \j ' J / 77,= — 00 



where the fermionic side is recognized as (29) of Slater |jT^. Moreover, if we use the identity 

n — 1 n — 1 

1=0 n=0 (3.28) 

= {'i'qhn{-iq^)n 

we may rewrite the fermionic side to obtain 

^ „n^ {iQ^)n{-iq^)n _ (-g;9^)oo ^ ^Sn^+n /o onN 

n=0 ^^^^^n {q ,q )oo 

and thus comparing the fermionic side with ( |2.3(j| ) with y = i we identify this with the 

N = 2 supersymmetric character x^i^i'^^^^~^\h q)- This identification has not appeared 

2 ' 2 

in the literature before. 

Similarly if a = g and q q^ we find the g— series identity 

This last expression, however, is not a theta function and lacks the physical interpretation 
as a character. 

We may also consider the Bailey pair (|3.7|) with pi ^ oo and p2 = —q where we find 
from ( CT ) 
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Then setting a = 1 and q ^ we get 



h (^)- (^)- (^^;^^)- ' ^ 

(3.32) 

which is also an identity is not found in Slater and which lacks a character interpretation. 
Similarly if a = g and q ^ q'^ we find 



i2. ^2^ 



^ Q 'iQ Joo \^ ^3n^+2n 



71= — CX3 



(3.33) 

Here the fermionic side is (28) of Slater and is also the fermionic side of Xi\~'^^^^\h q) 
(PI). 

Similarly for the Bailey pair ( |3.19| ) if we set pi — oo and p2 = —q^ in ( |3.22| ) we 

find 

gf (^-l)Q"(-g^)^ ^ (-QQ^)^ ^"^-§0^(1 - Og^") (tt) ^ (Q^ ) n ("Q^ )n 

^0 i(l)n{aq^)n Moo ^ (1 - a)(Q)n(aQ5)^(-ag3)^. 

Thus, if a = 1 and q q^ we find 



CX3 

2 



^ gn(n i)(_g.g2-)^ ^ ^ (^g2)^(-ZQ2)^ _ (-g;g2)oe ^ 

and by comparison of the fermionic side with ( |2.42|) we see that this is the sum of 
characters X^i^3^'^^^^\h q) + X^3^i'^^^^\h ?)■ This result is not found in Slater [|10 . 



2 ' 2 



Finally we set pi = —q and p2 ^ cxd in (|3.22|) and find for a = g and q ^ q 



where the fermionic side is identical with that of ( |2.43| ) with y = i and thus is equal to 
i ^Xi'Jo~^'*'"^'*(^5 q) + Xi^^^'"''^'' (^^5 9)^ • This result also is not found in Slater. 



00 
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4. N = 2 supersymmetric models from M{p — l,p) 

The derivation given in the previous section of the characters of a = 1 and N = 2 
supersymmetric model from the M(3,4) minimal model by means of the Bailey lemma 
may be generally applied to the M{p,p') model. We will however restrict ourselves here 
to the unitary case M{p — l,p) and treat the general case in [^. In order to somewhat 
simplify our treatment we will first extend Bailey's lemma ( |1.4| ) to what we will call the 
bilateral Bailey lemma. We will then demonstrate how from the Bailey pair obtained from 
the finite size character polynomials for M{p — l^p) we may construct the characters for 
M{p,p + 1). This is an example of the interpretation of renormalization fiows p2|-[^ in 



terms of Bailey pairs mentioned in [^. We then generalize the method of sec. 2 to obtain 
the = 1 and N = 2 supersymmetric models by the specialization of parameters pi and 

P2- 

4-1. Bilateral Bailey Pairs 

The pair (ct^, (3^) is said to be a bilateral Bailey pair if the following relation is satisfied 

n 

Pn= f , ? ^ (4.1) 

where (a)_n is defined as in ( |2.7| ). One can easily check that with this definition the 
following important properties of (a)n hold for positive and negative integer n, k 

= (-l)'^(a/Q) V'-^'('-'^(9'-7a)., 
[a)n-k (4.2) 

{a)n+k = {a)n{aq'^)k. 



Analogous to the proof of the original Bailey lemma (|1.4|) given in and [0 one may 
derive the bilateral Bailey lemma using ( [4.2| ) which states that if {am Pn) satisfy ( [4.1| ) then 

N 



{Pl)nip2)n{aq/pip2)'^an\ 1 



iaq/pi)n{aq/p2)n J {q)N-niaq)N+n 

^ {pl)n{p2)n{aq/plp2)N-n{aq/plp2)'^f3n 



(4.3) 



n= — oo 



{q)N-n{aq/pi)N{aq/p2)N 

given that the series converge. In analogy to ( |1.5|) we let ^ cxo to obtain 

. w w / \nn {aq/pi)oo{aq/P2)oo ^ f {pi)n{p2)n{aq/ pip2Ta 
2^ iPiUP2Uaq/p^p2) f3n = 1^ 



{aq)oo{aq/piP2)oo {aq/ pi)n{aq/ p2)n 

(4.4) 
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Following Andrews [jTT| one may introduce dual (bilateral) Bailey pairs. If {an, /3n) is 
a (bilateral) Bailey pair relative to a then 



An{a,q) = a'^q'^^ania \q ^), 
S^(a,Q) =a--Q--'-^/3^(a-\Q-i) 



(4.5) 



also satisfy ( pTl] ) (([4.1|)) relative to a and {An, Bn) is called the dual (bilateral) Bailey pair 

to (an,/3n)- 

Foda-Quano used the polynomial Fermi-Bose character identity for the M(p— 1, p) 
model to derive Bailey pairs. We will quickly review their method and slightly generalize it 
to obtain Bailey pairs that yield the characters for the M{j>,p + 1) model, the SM{j>,p + 2) 
model and the N = 2 supersymmetric model with central charge c = 3(1 — 2/p). 

The Bose-Fermi character polynomial identities for the minimal models M{p — l,p) 
are of the form 

= i^.^'^^ (4.6) 
where B^^s^^ is the function of Andrews, Baxter and Forrester HI 



j = -oo 



J(jp(p-l)+P'~-(p-l)s) 



[\{L + s-r)] -pj 



_q{jp-s)(j(p-i)-r) 



_[i(L - s - r)]+pj^ 



(4.7) 



Here ["^j are the q-binomial coefficients defined in ( p.22|) and [x] denotes the integer 
part of X. Equation ( [4.7|) can be put in the form of ([l.lj ) by setting L = 2l + r — s + 2x 
in ( [4.7| ) and using 



'2l + r - s + 2x 
I + X — pj 



2l+r-s+2x 



{(l)l-ipj-x) {(l)l+r-s+x+pj 



{q)i-(pj-x){q'" 



■s+2x+l' 



(4. 



2; + r - s + 2x 
I + X — s + pj 
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{<l)l-{pj-r-x){(l 



r-s+2x+l^ 



l-\-{pj — i — x) 
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Thus we can read off the Bailey pair relative to a = s+2a; f^-Qj^ (^.6|) as 

qjUpip-^)+pr-(p-l)s) ^ ^ pj _ ^ 

a„, = < _g(jp-s)(j(p-i)-r) for n = pj - r - X 
otherwise 



otherwise. 



(4.9) 



Similarly if we set L = 2l+r~s+2x+l we get the Bailey pair relative to a = 

qjUpip-^)+pr-ip-l)s) ^ ^ pj _ ^ 

— qUp-s){j{p-l)-r) ji=pj — j-^x — 1 

otherwise 

(4.10) 



/3. 



otherwise. 



In addition the dual Bailey pairs are obtained from the Bailey dual construction ( [4.5| ). 
Accordingly we get the two dual Bailey pairs, one relative to a = q'^-^+^^ (from ( [4.9| )) 



qj'^P sj^x{s r x) ^ ^ pj _ rj. 

(Xn. = ^ — qO p — sjqX{s — r — x) ^^j. ^ _ pj — ^ — ^ 

otherwise 



1 otherwise 
and the second relative to a = qi'~-s+2a;+i (from ([4.101 )) 

q3 p~^pj j^Q^i.^ ^ ^ 1) for 7Z —— J)J X 

an = <, ^qU-^)Up-s)qx{s-r-x-i) f^j- ^ — pj _ j. _ — I 

otherwise 



(4.11) 



(4.12) 



^Q"'a"Fi',"+'^-^+'"+''^)(Q-i) forn > 
otherwise. 
Thus far we have explicitly constructed only the bosonic side of the Bailey pair. The 
fermionic side for the M(p — l,p) model 

-l{m2 + L + {uipr%: 



X 



p— 4 

n 

i=2 



mi 



mi 



-I 9 



(4.13) 



-I 9 
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has been proven in [16] , [19]-[21|. Here Cps is the (p — 3) x {p — 3) dimensional Cartan 
matrix of the Lie algebra with the elements Cj^k = 25-,,^— Furthermore 
we define the vectors as the (p — 3)-dimensional vectors of unit length in the i^^ direction 







if 1 < i < P - 3 
otherwise 



(4.14) 



The vectors ^\u% 



e and Q% 

:(p-3) 



G (22)^ ^. The sum in ([4.13|) runs over 



fh E such that m = Qf^s mod 2. When L + r — s even 



/(p-3) ^ - 



U 



<P-3) 



-1 + e. 



p—i — 1 



(p-3) 



(r - l)p^P 3) + (e,_2 + e,_4 + ...) + (cp-r + ep+2-r + 



(4.15) 



and when L + r — s odd 



p— s — 1 



,7(p-3) ^ - 1 + p 



Q 



(p-3) 



(s - l)p^P ^) + (e;_i + er-3 + ...) + (cp-s + ep+2-s + ■ ■ ■) 



(4.16) 



where p^P = e 1 + . . . + Cps- 
Using 



lim 

L — >oo 



one may take the limit L ^ 00 in ( ^.13| ) 



(4.17) 



_p(oo,p) _ ^-i(s-r)(s-r-l) ^ 



(9)mi 



P-3 

n 

1=2 



,-r(p-3)> 



rrii 



(4.18) 



where we introduced the incidents matrix /p-3 = 2 — Cp_3 for compact notation. Notice 
that there are two ways to take the limit L 00, such that L + r — s even or such that 
L + r — s odd. In the limit L + r — s even Ai^s ui^s Qr^s are given as in ( [4.15| ) and 



for L + r — s odd as in (|4.16| ). Both limits yield the same g-series and the two different sets 

(p-i>p) 

p— 1— r,p— s' 
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for Ai^s ui^s and Qrfs refiect the symmetry of the characters Xrfs = X^'^ 



We now use the dual bilateral Bailey pairs ( [4.11 ) and ( [4 .121) in the bilateral Bailey 



lemma ( ^■4p . Thus if we use ( [4 .111 ) in the bilateral Bailey lemma ( |4.4D we find 



oo 



{aq/ Pi)oo{aq/ P2)oo ^ ^j(jp-s)^x{s-r-x) 

j = -oo 



{aq)oo{aq/piP2 

{Pl)pj-x{P2)pj-x{aq/ PlP2Y^~'^ {Pl)pj-r-x{p2)pj-r-x{aq/ PlP2Y^~''~'^ 



X 



{aq/pi) pj-x {aq/p2) pj-x {aq/pi) 

pj — r—x {aq/p2) pj—r — x 
f,{piUp2Uaq/p^p2rf^Fi^-+^-^+'^'^\q-') 



(4.19) 



n=0 

where a = q'^-^+^^ _ A very similar equation holds if we insert ( |4.12| ) in the bilateral Bailey 
lemma ( |4.4D . 

We now need to consider three specializations of the parameters pi , p2 as done in 
section 2. 

4.2. The model M{p,p+1) 
The first specialization is 

pi ^00, p2 ^ 00. (4.20) 
Then if we also set x = we obtain from ( ^4.19|) with a = q'^~^ 

l)+rp-s{p+l)) _ Jjp-s){j{p+l)-r) 



1 / 

^ / qjijp(P+'i-}+rp-s{p+l)) _ ^( 



j = -oo 



00 9„2 



2n-^+2n(r-s) 



(4.21) 



E Q ' ' p(2n+r-s.p)/ -l^ 



n=0 

and hence, comparing with (|2.1|) we find 

°° 2n(n+r-s) 

Xi'^'''^ = Xt'^'^ = E F(J-+-^-p)(5-i). (4.22) 

Moreover since we started out with the model M{p — l,p) r and s are restricted to 1 < 
r < p — 2, 1 < s < p — 1 whereas we need ( [1.22|) for 1 < r < p and 1 < s < p — 1. Thus, 
the range of r needed for xi^r^^^'' is larger than the range of r for which ( [1.22 ) holds. 



To get the remaining characters we make use of the Bailey pair ( [1.12| ) with x = and 
a — q'^~^~^^. Then using the bilateral Bailey lemma ( [1.4| ) with pi, p2 00 we obtain 

°° „2n(n+r-s+l) 

Xt%"^ = E 7;;^ F^l-^^-^^^-\q-^). (4.23) 

\q)2n+r-s + l 
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As an application of these results we may check whether ( f4.22|) and ( [4.23| ) yield 
the known expressions for the fermionic characters. To this end let us first compute 
Observe that 



n 
m 



m(m—n) 



n 
m 



from which it follows from ( [4.13|) that 



i?^(^,P)(g-l) = qis-r){s-r-l)/4 ^ ^ i ^Cp_3m+ ^ l^^"^^ m- i^^"^) m- i Lmi 



p-3 

n 

i=l 



^{Ip^sm + u% + Lei)i 
rrii 



(4.24) 



(4.25) 



where we introduced the incidence matrix /p_3 = 2 — Cp_3 for compact notation. Hence 
we obtain from ( [4.22|) by defining mo = 2n + r — s 



y(p,P+1) ^ (s-r)(s-r-l)/4 
As,r H 



E 

mo=0,restr. 



q2 2 



mo 



P-3 

n 

1=1 



^{Ip-sm + u% + moei)i 
mi 



g 

(4.26) 

where the restrictions on mo are such that mo even if r — s even and mo odd if r — s odd 



and Arfs '^\ui^s and Qr^s as given in ( [4.15|) . Define m = (mo,m), g,Ur,s, Ar,s as 
in ( [4.15|) but where now {ei)j = Sij for < z < p — 3 and otherwise zero and Cp-2 as the 
{p — 2) dimensional Cartan matrix of the Lie algebra Ap_2. Accordingly Ip-2 = 2 — Cp-2- 
Then we have ^mCp-2'fh = ^mg — |momi + ^mCp_3m. Hence 



riip-3) 



mo 



^ - -. 

_q^mCp-2m+^Ar,srh—^Ur,arn J^j' 



i(/p_2m + W,.,s)i 

mi 



-I 9 

(4.27) 



(Notice that we are actually allowed to replace hA^^s ^^m — \ui^s ^"^m in the exponent by 



2u.r,s"'' ^"-^^ --r,s •^r,s — —Gp-r-i and 1 < r < p — 2 and hence cq can 
never be reached). Defining n = (ni, n2, . . . , np-2) = rh we may simplify ( ^4.27| ) further to 



17 1 . /(p-S) -(p-3) 

^-ri^^^TTz -^Uj-^giTi Since ^7-^5 



Ur 



^{PJ}+1) ^ q-k(r-s)(r-s-l) ^ 



1 



(9)ni 



P-2 rl/r ^ , „-r(p-2) 



n 

i=2 



^{Ip-2n + Uh r 



(4.28) 
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where 



^(p-2) 



-"p—r 



u(f-^^ = es + e^-r (4.29) 
<5iT^^ = {r- l)p<^'-2) + (e,_i + e,_3 + ...) + (cp+i-. + e^+a-r + •••)■ 



Hence the right hand side of j WM ) is F^'^'''^"' {q) with Al^, "^ w^^, and Q'/^s ^' as 



with A^^-^\u^^-^^ and qI^T'^ 
in ( [4.16|) (notice that r and s are interchanged in Fs"^'^^^^ relative to the definition of 
F,^'^) in CT) ). 



Similarly one may show that from ([4.23| ) 



^(oo,p+l) 
s,r+2 



(4.30) 



with A 



(p-2) -.(p-2 



and gfc as in ( P^ ). 



Thus all characters of the model M{p,p + 1) have been obtained from the characters 
of M{p — l,p) by means of the Bailey construction and hence we have extended the results 



of This implementation of the renormalization group flow of [^-|2^ and is what 

we call Bailey renormalization flow. 



4-3. The N = 1 supersymmetric model SM(p,p + 2) 
The second specialization of ( [4.19|) is 



Pi oo, P2 



r — s-f- 1 



(4.31) 



Then if in addition we set a; = so that a = q^~^ we see that p2 = aq/ P2 and all the 
denominators in ( 4.19 ) cancel. Thus we obtain from ( 4.19| ) the Neveu-Schwarz characters 
when r — s is even 



^(p+2,p) ^ ^(p,P+2) 



3^2 ^ 3(r-s) 



^ ^ — } — ^ — ~ — ' — q^^ q^ 2 



n=0 



(?)2n+r- 



and the Ramond characters when r — s is odd 



(p+2,p) _ -(p,p+2) 



E 

n=0 



(q')2n+r 



(4.32) 



(4.33) 
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Again it should be mentioned that from the M(p — construction r, s are restricted by 
l<r<p — 2, l<s<p — 1 whereas the range for r, s in Xs^r^^^'* is 



l<r<p+l, l<s<p— 1. 



(4.34) 



Employing the Bailey pair (|4.12|) in the identical fashion with the specialization 



Pi oo, P2 



r— 3 + 2 



a = q 



1 — s+l 



(4.35) 



leads, for the Neveu-Schwarz case when r — s + 3 even, to 

_g^ri(n+r-s+l) p(2n+r-s+l,p) (^g-^^ 



As,r+3 — 



{q)2n+r-s+l 

and for the Ramond case, when r — s + 3 odd, to 

Ap,P+'2) ^ __ll^^±f2f_ |n(n+r-s+l) p(2n+r-s+l,p)/ -In 

As,r+3 / ^ f\ y -"^^Tja W )■ 

[q)2n+r-s+l 



(4.36) 



(4.37) 



Hence we obtain the fermionic expressions for the whole range in r, s (|4.34| ) except for the 
character x^g^^^- 

Again we compare our results (|4.32| ), ( [4.33| ), ( [4.36|) , ( [4.37|) with the known results 



for the fermionic characters for the SM{p,p + 2) model as given in [34| (the fermionic 
expressions in |]2T[] are actually expressions for the branching functions and to obtain the 
characters one needs to sum over the index /) 



^(p,p+2) _ -l(s-r-2e,_, + l)(s-r+2e,_,-3) 

Ar,s — t-r — sq 



X 



n 



"^i>0m, = (Qt%-'>),,2<z<p-l 



(4.38) 

with e^-s as in ( p.l4|) , Cp_i the (p — 1) dimensional Cartan matrix of Ap_i, Ip-i — 2 — Cp-i 
and 



^(p-i) 



u 



Q 



(p-i) 



6*5-1 + ep+l-r + (2f 



l)ei 



(4.39) 



(p-i) 



(r - l)p^P ^) + {es-2 + es-4 + ...) + {ep+2-r + ep+4-r + ■ ■ ■) 
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or 



r,s 



r(p-i) 



= Cp+l-s + Cr+l + {2er-s - 1)6*1 



(4.40) 



Q 



(p-i) 



{s - l)p^^ + {ep-s+2 + ep_s+4 + ...) + (eV + eV-2 + 



where = e i + . . . + e„_i. These two choices for Ar 



(p-i) -.(p-i) /i(p-i) 

s ) Ujr,s 1 



QV'^s ' reflect the 



p — I ... I u-p- 
symmetry x?/^^^ = Xp-rJ+Vs- 

To show that (|4.32|) is of the form (f4.38| ) let us set mo = 2n + r — s and use (|4.25|) and 



/c=0 



mo 
2 



(4.41) 



which follows from ( [2.211 ). Then we obtain from ( [1.32| ) 



vP.P+2 = ^-i('-s)(r-s-2) 
As r 



q gy -M' ^ ^ ^ ^img-imofc+ifc^-imomi 



mo>0,even fc=0 ^=q(p-^) 



mo 
2 

A; 



1 JJ 



mi 



-I Q 



(4.42) 

where A^^s ui^s and Qr^s as given in (|4.15|) . Let us now deflne n = (ni, • • • , Up^i) = 
(/c, mo, m), Cp_i as the Cartan matrix of the Lie algebra Ap_i, and /p_i = 2 — Cp_i. Then 
we may rewrite ( [4.42| ) as 



ni=0 

n, = (Q^^ )i,2<i<p-l 



ri2 
2 

Til 



P-1 rl 



(?) 



n 



i=3 



;(/p_in + 



(p-1)n n 



(4.43) 



n,; 



where 



^(p-i) 

r,s 



(4.44) 



s = (r - l)p*^^ ^) + (Cs + 65-2 + ...) + (ep_r+2 + ep-r+4 + ■ ■ ■) 



with {ei)j = 5ij for 1 < i < p — 1 and p*^^ = e 1 + . . . + Cp-i. Again, we are allowed 



to replace Ai^s ^''m — ui^s '^■'m by ^ n — u^^ ' n because 



-(p-i). 



^(P-I) :^(p-l) 



-Cp+l- 
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and 1 < r < p — 2. Hence (|4.43|) agrees with xi^r^^^'' as in (|4.38|) with Ai^s ^\ ui^s and 
Qr^s as in ( [4.40| ) in the Neveu-Schwarz sector. 
Similarly we may treat (|4.33|) by using 



"IQ+l 

2 



i-Q): 



I 2 



k=0 



1 ( "IQ + I 

( 2 V 2 



2 
k 



(4.45) 



-I q 



and we find the Ramond character 

oo 



ni=0 



-(p-i) 
= (Q.,s ).,2<i<p-l 



2 

ni 



(9) 



n 



(4.46) 



"-2 



i=3 



2(/p-in + 



^(P-I) ;^(P-1) 



where ^ s ? 



s as in ([4 .441 ). Hence (|4.46| ) also agrees with Xs, 



as 



in (|]38D with 



(p-l) ,7(P-1) /1(P-1) 

S 5 "'r,S 5 



Analogously one finds that 



as m 



((|07D) where i* 



■(p-3) -(P-S) 



(p-3) 



given 



by (|4.16| ) can be written in the form ( [4.38|) with Ar^ 

4.4- N = 2 characters with c = 3(1 — 2/p) 
Finally we consider the case when 

pi finite, p2 finite. 



K'\ut-'\Qt~'^ as in (PI). 



(4.47) 



Again we distinguish the three sectors A, P and T. We start with sector A and set r = 1 
and a = in (14.191). As in section 2.3 we are interested in the limit a — 1. With these 
definitions the left hand side of p. 191 ) becomes 



x(s — l — x) 



(api)cx)(ap2) 
(apiP2)oo(a)c. 

(1 - pigPJ-^-i)(l - p2qP^~''~^ 
(1 - api(?PJ-^-i)(l - ap2?™" 



{Pl)pj-x-l{P2)pj-x-l ~pj-x-l^fp-sj 
pj-x-l pj-x-l 



-x-1 



-a-1 



^(s-l-x) (QPl)cx)(aP2)oo ^ {Pl)pj-x-l{p2) pj-x-l ^pj-^-i^j-ip-sj 



°o (api)pi-x-i(ap2)pi-x-i 



X (1 — d 



(apiP2)oo(a 



(4.48) 



(1 - api(?PJ-^-i)(l - ap2<?™"''~^) 

^(g-l-^) (Pl)oo(p2)oo ^j^p-sj. P1P2?^™"^^"^ - 1 



(piP2)oo(?)c 



9 



(1 - Pl9 



pj-x-l 



)(1 - P2? 



p J — a; — 1 ^ 
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Let us set 

pi = -yQ^ P2 = -y-^q^q^-' (4.49) 

where f and s are half-integers such that f > s and s = r -\- s. From this follows that 
X = f — 1 since = 1. Then changing j —j we obtain from ( [4 .481 ) and ( [4.19| ) 



(4.50) 

which agrees with the N = 2 unitary characters ( |2.29| ) xi%~'^'^^^^ with central charge 
c = 3(l-2/p). 

For the P sector we set 

Pi = -yQ: p2 = -y~^qq''~'' (4.5i) 

where now f, s are integers, r > s and s = f -f s. From = 1 follows that x = r. Hence 
we obtain 

iQ)lo (1 + y-i?™+'^)(l + yqp^+') 

_ (4-52) 

- ^-^(^-1) \^ {-y(l)n{-y q)n+f—s ^njn+r-s+l) r(2n+f-s+l ,p) / -1 x 
^ Uj2n+f-s+l 

which is again in agreement with (|2.29|) in the P sector. 

Finally we need to consider the T sector. Here we set r = 1 and when s odd 

Pi = -q^: P2 = -q, a = 1. (4.53) 
Since a = q'^-^+'^^ we read off x = Inserting this into the left hand side of (|4.19|) yields 

~q^)oo{~q)oo ~7(jp— s) x(s — 1— x) 



yq)oo{-y ^q)oo ^ ^,^p+(f+s)j i - 



{q)ooiq 2; 

X (^(1 + gPJ-^)g-5(pi-^) _ (1 + gPi-^-i)g-i(pi-^-i)^ 

, 1. , . 00 . ^ (4.54) 

_ {-q^)oo{-q)oo J2 q^(^P-')qi('-^^'(q-h(pJ--)(^l-q-h)^-qh+qPJ--^\ 



{q)ooiq 2; 



00 



(-9^)oo(-9)oo l(s-l)(s-2) / 



(?)oo(Q2)^ ^.^^ 
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Hence we obtain 



X 



(7V=2)(p) 



n=0 



(9) 



2n 



.qn{n-^)pi2n,p)^^-l^ (4.55) 



where Xs^ ^'^^(p) jg ^j^e character given in (|2.32|) 



For s even we choose 



Pi = P2 = -Q: a = q 



(4.56) 



which yields x = #. A similar calculation gives 



V(^=2)(P) 
As 



(-9^)oo(-9)c 



^ g-i(s-l)(s-2) ^ 
n=0 



j = -oo 
°° ' Q^)^^l(-g), 



(9) 



2n+l 



■q^"+^Fi';+''P\q-'). 



(4.57) 



To calculate the explicit fermionic form in the different sectors let us first introduce 
the following matrix 

-1 ...\ 



c 



/ 2 

2 -10 

-1 -1 

a 



p-2 



(4.58) 



where Cp-2 is the {p — 2) dimensional Cartan matrix of Ap-2. Cd^ is the Cartan matrix 
of the Lie algebra Dp. 

Let us start with the A sector and define mo = 2n + f — s. Then ( [4.50| ) becomes 



Xr_s 



oo ^ 

E A(mo-r+s)(mo+r-s) p(mo,p) / -Ix 

mo=0,restr. ^^^"^0 



"'0-'' + ^ I,, 1 ^ m,o-f+s ,2 
^lg2V 2 '^1-' 



" mo — r+s " 




2 




^1 





(4.59) 



'A;2=0 



rriQ +r — s 

2 -^^^g^ 





■ mo+f — s " 




2 


.) 




^2 





where we used (p.21| ) twice to convert {—yq^)n and {—y ^q2)^_^_f_g into the ki and ^2 
sums, respectively. The restriction on mo is such that mo is even if f + s odd and vice 
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versa (remember that f, s are half-integers in the A sector) . Then using ( |4.25|) and setting 
n = (/ci, /c2, Too, to) we finaUy obtain 



{N=2){p) ^ i(f2_^^2_2f5-f-s+l) 



CO oo 



EE E ^ 



s— f +712 — ni 



1 

X g3^C'Cpn+5(rti-n2)(r-s)_!_ TT 



i=l,i/3 



(4.60) 



where 



Qf'l ~ ^r+s+l + Gf+s-1 + • • 



(P) 



(4.61) 



e>+s+2 + (s - r)ei + (f - s)e2. 

Here are the p dimensional unit vectors in direction i for 1 < i < p. 

Similarly we get the fermionic character expression for the P sector from ([4.52P with 

mo = 2n + r — s + 1 and n = {ki, /c2, toq, m) 



00 00 



X g4 



inCcpn+i(ni— n2)(f — s) ^ -'- 



(9)n3 



n 



rl 



s — r-\-n2 —Til 



(P)^ 



n 



(4.62) 



where 



W^^] = er+s+2 + {§ -f - l)ei + (f - S - 1)6*2. 

For the T sector we get from ( [4.55| ) and (|4.57| ) using (|2.21| ) and ( ^.25| ) 



(4.63) 



00 00 



v(^=2)(p) 
As 



where 



EE E 

ni=0n2=0^^^(g(p))^^3<^<p 



Q^f^ = es+1 + es-1 + . 



n 



rip) 



ei — 6*2 for s even 
for s odd 



-I Q 

(4.64) 



(4.65) 
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5. Conclusion 

We have now demonstrated in detail that the construction of Bailey when applied to 
the minimal model M{p,p + 1) leads to the = 1 supersymmetric model SM{p,p + 2) and 
the N = 2 unitary supersymmetric model with c = 3(1 — 2/p). However, this construction is 
merely illustrative and the method is of great generality. In particular we can show p5| that 
if we start from the dual Bailey pair constructed from the general model M{p,p') (with 
p < p')we obtain the minimal models M{p' , 2p' — p), SM{p' , 3p' — 2p) and the nonunitary 
N = 2 models with c = 3{2p ~p')/p' while from the direct Bailey pair of M[p^p') we have 
the sequence M{p',p' +p), SM{p',p' + 2p) and N = 2 with c = —3{2p — p')/p'. Our results 
are obtained from the general bosonic form of Forrester and Baxter and the fermionic 



results of 24 



In the unitary case presented in this paper the fermionic expressions ( [4 .601) , ( [4 .621) and 
( [4 .641 ) for the characters in terms of the Cartan matrix of the group Dp may be interpreted 
in terms of the construction of Zamolodchikov and Fateev in terms of parafermions 
and two Majorana fermions if we identify the two variables on the forks of the Dynkin 
diagram with the Majorana fermions and the rest of the diagram with the parafermions 
M(l,p+ 1) (which are dual to M{p,p + 1).) 

The general nonunitary case the N = 2 are to be compared with the string theory 
results of [|l|]-0 and the flows of minimal models M(p,p') to M{p',2p' — p) is that of 
||37|| . However, the identification of these character expressions in the general nonunitary 
case is more cumbersome than what was done here in the unitary case and will be treated 



separately [|2^. The flow M{p,p') to M{p\p' + p) does not seem to have been previously 
seen. 

We also note that the existing computations for the quantum gravity models are only 
made explicit for the W2 and gravities. The W2 case is what is treated here and the 
Ws case should correspond to the Bailey pairs of Milne and Lilly [|1^ constructed from 
SU (3). However, in |]T^ the Bailey lemma is derived for all the Lie groups and and 
this should correspond to results for all the Wn gravities. 

But probably the most provocative question is to find an interpretation not only for 
the Bailey formula for the specialized values of pi and p2 but for general values of these 
parameters. These parameters seem to be playing the role of fugacities and the Bailey 
pairs seem to be building up complex systems by gluing these more elementary fermions 
together. Thus the parameters would seem to govern a renormalization flow between 
models. All of these questions deserve further study. 
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